PHYS 705: Classical Mechanics

Simple Examples using
Lagrange Equations
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Simple Pendulum
@) b
We can describe the pendulum by the Cartesian
0 l coordinates (x, y) as shown with the constraint:
2, 2 12
X, y)=x+y —=I"=0
(1) J (%) y
y => One can effectively describe this pendulum with a

fixed length and one independent generalized

coordinate 6.

The Lagrange’s Equations of Motion:

d(@LJ oL
=0 with L=T-U

dt\ 04, | oq,



Simple Pendulum
O X
0 I : : : :
With one independent generalized coordinate 6,
(x, y) We can express (x, y) in term of the chosen
’ generalized coordinate @ :
y

x=1Isin€ x=1Icosbb

y=Icosf 7 =-Isin6f

(constraint is implicit here)
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Simple Pendulum 9 x
ON 1
Next, we form the Lagrangian, L = T — U:
(6 y)
IR 2 .2
T—Emv —Em(x +y ) y m
1 e Coord Transformation:
T:Em(l cos” 00" +1"sin” 60 ) | x=Ising %=l cos OO
—Ime aiso1=110r = Xm0 y=-leosd j=Isin00
2 2 e ..
(constraint is implicit here)

Now, define U=0 at y=0. Then, U =mgy =—mglcosf

: 1 -
Finally, L=T-U-= Emlzé’z +mglcos O



————

L :%mlzé’2 +mgl cosé

Simple Pendulum

The EL equation is, 4 8_L _oL =0 O X
dt\ 0q, ) 0q,
AN
a—[fzmlzé a—L:—mglsinH
06 06 (x, y)
m
So, we have, y
i( 129)+mglsin9 =0
dt

g This is the familiar pendulum

0+Ssinf=0 —
[ equation with SHO when #is

small:

sinf=60 — é+§¢9:0



Pendulum with a Rotating Support

The support of the pendulum moves in a circle of

a
radius a and constant angular velocity . : X
- With the given constraint, this problem will _/ l
be very cumbersome if we try to solve for the 0
i m
EOM using the 21 law directly. ; (x, v)
- Here, we will use the Lagrangian Formalism, Y

Since wis fixed, one can effectively describe this problem with just one

generalized coordinate 6.

x=acos(ot)+Isin@ x=-awsin(wt)+1cos 00
y=asin(wt)—Icos® j=awcos(wt)+IsinY

(again, the complicated constraint is implicitly encoded here)



I

Pendulum with a Rotating Support

Now, we calculate T
T = lm(XZ +)',2) = %[azwz sin® () —2awl@sin(ot)cos 0 +1°6" cos® 0

+a’w’ cos’ (ot )+ 2awlf (:os(a)z‘)sin¢9+1292 sin’ 9}

%:aza)z +12°0% + 2acol«9(sin 0 cos(wt)—cos Gsin (a)t))]
m

=5 :aza)2 +120* +2awl<9sin(<9—cot)}

Now, define U=0 at y=0. Then,

U=mgy= mg(asin(a)t)—lcosé’)

=mgasin(wt)—mgl cos O



—_— e
Pendulum with a Rotating Support

Then, L = T — U gives:

L= %[aza)z +1°0* +2awlfsin (6 - a)t)} —mgasin(wt)+mgl cosd

d| OL oL
Now, form the EOM, =0

dt\ g, | oq,
: OL : :
o _ mi*0 + mawl sin (6 — o) — =mawlf cos(6 — wt) —mglsin d
00 06
d ( oL

—(—] = ml*0 + mawl cos (60— wt)(é’— a))
dt\ 06



Pendulum with a Rotating Support

Putting them together, we have,
ml*0 + mawl cos(H— a)t)(é? — a)) —mawlOcos(0 — wt)+mglsin@ =0

Dividing by m/” and simplify, we have,

.o a . a . g . _
9+7a)cos(6’—a)t)(ﬂ—a))—Wt)+7sm9—O

é+§sin¢9—%a)2 cos(@—at)=0

(note: if w =0, we get back the simple pendulum equation.
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Atwood Machine m
The Atwood Machine is a system with two masses v /\ __________ Ueo
connected by a fixed length string [ through a pulley. v
X [ —ax

With a fixed string connecting the two masses, the
system is best described by a single generalize g

1
coordinate x. [;7312

1

Tza(ml +m2).7.C2

U=-mgx—m,g(l—a—x)=-mgx—m,g(l—a)+m,gx
U=(m,—m,)gx—myg(l—a)
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Atwood Machine

O R DM U=0

L:E(ml+m2)5c2—(mz—ml)gx+m2g(l—a) v
O

[ —a-x

Now, apply the E-L equation:

m1
8_L:(m +m )x — i(a—sz(m +m )x [7-731
Ox b dr\ ox b y
oL
a:_(n/b_ml)g




